The studies of solar neutrinos and helioseismology have been closely intertwined since the first neutrino experiment and the first observations of solar oscillations in the sixties. Early detailed helioseismic analyses provided strong support for the standard solar model and hence a clear indication that the solution to the discrepancy between the predicted and observed neutrino fluxes had to be found in terms of neutrino physics, as now fully confirmed by direct observations. With the full characterization of neutrino properties we are now in a position to combine neutrino observations and helioseismology to obtain a more complete understanding of conditions in the solar core. Here I provide a personal and largely historical overview of these developments.
Introduction
The possibility to detect neutrinos from the nuclear reactions in the solar core clearly provided a very exciting potential for testing otherwise inaccessible parts of a star, including providing the definite confirmation that stars like the Sun derive their energy from hydrogen fusion. Thus it was a major problem that the early upper limit on the neutrino flux determined by Davis et al. 1 was lower by around a factor of seven than the predictions of then up-to-date solar models, such as the model by Bahcall et al. 2 . This clearly raised doubts about the understanding of stellar structure and evolution, with potentially serious consequences for many areas of astrophysics. There was an obvious need for other observations that might probe conditions in the solar core.
Such observations have been provided through the study of oscillations on the solar surface, in what is now known as helioseismology. Since the middle of the seventies this field has developed in parallel with the solar neutrino investigations. One can reasonably claim that by the early nineties the helioseismic constraints on the structure of the solar core essentially had eliminated the models proposed to reduce the neutrino flux to the observed level, strongly pointing towards a solution of the solar neutrino problem in terms of non-standard neutrino physics, as was later confirmed by the direct observation of neutrino flavour oscillations. Given the resulting understanding of the neutrino properties, and new observations of solar neutrinos, the measured neutrino fluxes can now be used to probe the solar interior, as an important complement to helioseismology. As was clear from this conference, the prospects for these investigations are excellent, given the upcoming ambitious new experiments.
Here I provide a largely historical, and personally biased, overview of the relation between neutrino studies and helioseismology, which has been a central issue throughout my career, since my early days as a PhD student in Cambridge.
General reviews on helioseismology were provided in Refs 3 and 4, while Ref. 5 provided a more detailed presentation of the history of helio-and asteroseismology. An extensive discussion of the early phases of the neutrino studies was provided by Bahcall 6 , while Haxton 7 presented the situation of only a few years ago. The present status is outlined in a number of papers in the present proceedings, including the review by Francesco Villante.
The solar spoon and early helioseismology
The discrepancy between the predicted and observed neutrino flux was a strong indication of problems with solar modelling. Since the Davis experiment was sensitive predominantly to the high-energy neutrinos resulting from the decay of 8 B, with a dependence on the central temperature of the Sun to a high power, the modifications of the solar models involved a reduction of the central temperature, while maintaining the observed total energy flux from the Sun. It was pointed out by, for example, Ezer & Cameron 8 that this could be achieved by mixing the core of the Sun, hence increasing the central hydrogen abundance and thus reducing the core temperature required to generate the solar luminosity. Dilke & Gough 9 proposed a creative variant of this model a : this involved intermittent instability of the solar core to standing internal gravity waves (or g modes) which through nonlinear development caused onset of core convection and hence the mixing. Dilke & Gough postulated that the Sun had undergone such an episode a in a paper entitled 'The solar spoon'
within the last few million years, largely switching off the nuclear reactions, and that it was now recovering on a thermal timescale. A result of this process was a decrease in the solar luminosity by a few per cent which, they suggested, was related to the ongoing series of glaciations.
This proposal also set the scene for the start of my PhD studies in Cambridge in the fall of 1973, with Douglas Gough as my supervisor. As a first project I completed the detailed analysis of the stability of solar models started by Fisher Dilke as part of his PhD studies. The results
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did indeed confirm the assumed instability; this arose from the build-up of a steep gradient in the abundance of 3 He in the core, initially over a period of about 200 Myr. Following the idea of Dilke & Gough the resulting mixing would therefore suppress the instability until a renewed gradient had been established, and hence leading to the postulated series of intermittent mixing episodes.
It was never demonstrated that the instability, which has a growth time of order 10 7 years, would in fact lead to convective instability and hence mixing. Even so, starting from this analysis I continued work on improved solar modelling and investigations of stability analysis. This provided a basis for the involvement in helioseismology, as the field got underway.
Oscillations in the solar atmosphere with periods near five minutes were identified by Leighton proposed that they might in fact be standing acoustic waves, trapped in the outer parts of the solar interior. This was confirmed by the observations of Deubner 14 , with sufficient temporal and spatial resolution to show a clear modal structure of the oscillations, as a function of frequency and wavenumber. These results provided a way to use the observed properties of the oscillations to investigate the outer parts of the Sun [15] [16] [17] . While the modes observed by Deubner did not provide direct information about the deep solar interior, such information was promised by solar oscillations with a period of 160 min, announced in 1975 by Brookes et al. 18 and Severny et al. 19 : such oscillations could only be due to g modes of fairly high radial order, which are very sensitive to conditions in the solar core. Perhaps even more exciting was the announcement by Henry Hill in June 1975 at the IBM conference on Astrophysical Fluid Dynamics, organized by Douglas Gough in Cambridge, of evidence of several oscillations in the solar diameter (see ; these were the serendipitous result of very careful observations of the solar oblateness 23 . With several modes of oscillation that appeared to be of a global nature this promised relatively detailed information on the solar interior. Given my ongoing work on solar models and oscillations I computed a set of frequencies for a solar model and presented a comparison with the observations the following day, showing apparently good agreement between the observed frequencies and the model.
Later work has shown that the 160 min oscillation and the signal observed by Hill and his group had no connection to global solar modes but were likely caused by fluctuations in the Earth's atmosphere. Even so, these early results for many served as a kick-off for studies of the promise of global solar oscillations as a diagnostics of the solar interior [24] [25] [26] .
Large-scale five-minute oscillations
Truly global solar modes of oscillation were announced in 1979 by the group in Birmingham led by George Isaak, based on observations carried out on Tenerife 27 . As did the modes observed by Deubner they had periods near five minutes, but since the observations were carried out in light integrated over the solar disk, smaller-scale oscillations were filtered out by averaging. Global solar modes have the structure of spherical harmonics Y m l (θ, φ) as functions of co-latitude θ and longitude φ, and the observations were interpreted 28, 29 as resulting from high-order acoustic modes of sphericalharmonic degree l = 0 − 3. The cyclic frequencies ν nl of such modes, n being the radial order, satisfy the asymptotic relation
where
r being the distance to the centre, R the surface radius of the star and c the adiabatic sound speed; here ǫ is a phase largely determined by conditions near the stellar surface and d nl is a smaller second-order term. Thus the basic structure of the observed spectrum consists of modes of a given degree separated by the large frequency separation ∆ν, with modes of odd degree located halfway between the adjacent modes of even degree. To leading order the frequencies ν nl and ν n−1 l+2 coincide; this was indeed the structure observed in Ref. 27 . Including the second-order term leads to the small frequency separation
Owing to the scaling by r −1 this is heavily weighted towards the solar centre and hence is sensitive to conditions in the solar core; the potential importance for elucidating the origin of the solar neutrino problem is obvious (see also Fig. 2 ). The full asymptotic behaviour was dramatically demonstrated by the results, illustrated in Fig. 1 , of almost continuous observations over six days by Grec et al. 31 from the geographical South Pole. This clearly showed a broad range of modes of degree 0 to 3, with a well-defined envelope of amplitude; the averaged fine structure, shown in the inset, confirms the ratio 3/5 predicted by Eq. (3) between δν n0 and δν n1 . Early analyses of these results (e.g., Ref. 32) indicated that the Sun had a low abundance of helium and heavy elements compared with standard models, in conflict with Big-Bang nucleosynthesis, but yielding low neutrino fluxes. However, a more careful modelling of the observations 33 showed that they were essentially consistent with the standard models. Bahcall noted an important complementarity between the neutrino measurements and helioseismology (see Fig. 4 .3 of Ref. 6): the neutrino fluxes depend on the structure of the core, while the large frequency separation (cf. Eq. 2) is strongly weighted towards the surface. This is illustrated in Fig. 2 showing, both suitably normalized, c −1 and the integrand I 8 defined such that the 8 B neutrino flux is proportional to I 8 dr. However, Bahcall's argument neglected the diagnostics available in the small separation (cf. Eq. 3); as also illustrated in Fig. 2 this has a substantial contribution from the region dominating the neutrino flux, providing a strong potential for investigating the origin of the neutrino problem.
These early promising results of helioseismology motivated strong efforts to establish dedicated observing facilities to provide long and nearly continuous observations of solar oscillations. The Birmingham group expanded their observations to include sites also in Hawaii and Australia, working towards the current six-station BiSON b network in operation since 1992 35 . In 1990 Elsworth et al. 34 carried out a detailed analysis of observations from these three stations. Figure 3 shows a small segment of the power spectrum of the observations, clearly illustrating the expected frequency structure and allowing accurate determination of the small separations. In a seminal contribution to solar physics and the study of the neutrino problem Elsworth et al. compared the observations with standard solar models, with a high neutrino flux, and two sets of models with reduced flux: one set included core mixing, as discussed above, and the second included contributions to energy transport from the so-called weakly interacting massive particles (WIMPs; see Refs 36,37) which reduce the temperature gradient in the interior of the model and hence the central temperature, leading to a reduced neutrino flux . The analysis was carried out in terms of linear fits b Birmingham Solar Oscillations Network to the small frequency separation, of the form
with a reference order n 0 = 21. The results, illustrated in a (d l , s l ) diagram, strongly indicated that the standard models were essentially consistent with the observations, whereas both the mixed and the WIMP models were clearly inconsistent. On this basis, Elsworth et al. concluded that "Our results agree with standard solar models, and seem to remove the need for significant mixing or weakly interacting massive particles (WIMPS) in the core, both of which have been advanced to explain the low measured flux of solar neutrinos. This suggests that the solar neutrino problem must be resolved within neutrino physics, not solar physics; neutrino oscillations and a finite neutrino mass form a possible explanation."
Needless to say, this has now been fully confirmed. A more extensive investigation of this nature 39 , confirming the conclusions of Elsworth et al., is illustrated in Fig. 4 ; here the analysis was carried out in terms of the scaled small separation
thus taking out the asymptotic l-dependence (cf. Eq. 3). It should be noticed that it might have been possible to combine partial mixing and the effect of WIMPs in such a way as to match the helioseismic results while at the same time obtaining a reduced neutrino flux. However, such a model would obviously have been highly contrived. A second important point in comparing the helioseismic and neutrino results is that the acoustic-mode frequencies depend predominantly on the sound speed, as is clear from the asymptotic expressions, Eqs (2) and (3), while the neutrino flux is predominantly sensitive to temperature. Approximating matter in the solar core by a fully ionized ideal gas the relation between sound speed c and temperature T is
where k B is Boltzmann's constant, m u is the atomic mass unit and µ is the mean molecular weight which depends on composition. Thus helioseismology essentially constrains T /µ but not directly T and µ separately. Even so, it is clear that the analysis by Elsworth et al. was a strong support of the standard solar models and a clear indication that the apparent solar neutrino deficit resulted from the neutrino physics, a decade before this was firmly established by direct observations from the Sudbury Neutrino Observatory 40,41 .
Inferences of solar internal structure
Although the low-degree modes provide crucial information about the solar core, the potential of helioseismology is far wider. The oscillations are excited at all spatial scales in a frequency range around 3000 µHz, corresponding to roughly five minutes, from the global modes detected by Claverie et al. to the small-scale, and hence high-degree, modes observed by Deubner. This property is the result of the excitation mechanism of the modes: they are intrinsically stable but excited by the acoustic noise generated by the near-surface convection. 42 This results in excitation that is largely independent of spatial scale and centred near periods of five minutes. Since the Sun can be observed with high spatial resolution the full range of modes can be detected, providing a huge wealth of data on the properties of the solar interior. A crucial step were the observations by Duvall & Harvey 43 , which established a link between the low-and highdegree observations, securing an unambiguous identification of the observed modes. These data also allowed the first helioseismic inference of the solar internal sound speed 44 . The strength of the solar acoustic modes as probes of the solar interior is illustrated in Fig. 5 , showing the properties of the modes in terms of rays of sound waves. When propagating from the surface towards the interior at an angle the wave is refracted by the increasing sound speed, resulting from the increase in temperature (cf. Eq. 6), leading to a total internal reflection at a distance r t from the centre, determined by
where ω = 2πν is the angular frequency. As illustrated, low-degree modes therefore penetrate close to the centre (and, in particular, provide information about the solar core, as discussed above), while higher-degree modes are confined to a region closer to the surface. Modes covering the full range of degrees therefore effectively provide a scan of the solar sound speed from the centre to the surface. This behaviour was used explicitly in the asymptotic analysis in Ref. 44 but also underlies other techniques for the so-called helioseismic inverse analysis 45, 46 . In its most precise form the analysis assumes that solar structure is close to that of a reference model, such that the differences δω nl in frequency between the Sun and the model can be linearized on the form
here we used the adiabatic approximation for the computed frequencies, such that they can be fully characterized by the sound speed and the density ρ in the model, and δ r indicates differences at fixed r. The errors arising from the adiabatic approximation, and other inadequacies in the modelling of the near-surface layers of the Sun, are represented by the term in G, where Q nl is the mode inertia normalized by the inertia of a radial mode of the same frequency, and ǫ nl is the observational error. Also, the kernels K nl c 2 ,ρ and K nl ρ,c 2 can be determined from the oscillation eigenfunctions computed from the reference model 45 . The goal of the analysis is typically to obtain localized measures of the difference in sound speed between the Sun and the model, as a function of position r 0 in the Sun. This is achieved by making linear combinations of Eqs (8) with suitably chosen coefficients c nl (r 0 ), such that the terms in δ r ρ and G are suppressed and the contribution from the errors is constrained (for details, see Ref. 47 ). If successful, we obtain a localized average of δ r c 2 ,
with a standard deviation which can be determined from the standard errors of the observations, often assumed to be independent. Here, the averaging kernel
provides a measure of the extent to which the estimate is localized near r 0 . 49 .
Differences in squared sound speed between the Sun and a typical model from the mid-nineties are shown in Fig. 6 . The model, the so-called Model S of Ref. 48 , used essentially up-to-date physics of the time, including diffusion and settling of helium and heavy elements. Opacities were obtained from the OPAL tables 51 , using the Grevesse & Noels 52 heavy-element composition with the ratio Z s /X s = 0.0245 between the surface abundances by mass of heavy elements and hydrogen. As shown by the horizontal bars the analysis is relatively successful in providing localized measure of the difference in most of the Sun. Also, although the model clearly by astrophysical Fig. 7 . Helioseismically inferred differences between three models and the Sun, in the sense (model) -(Sun). The solid line shows a standard solar model, similar to the model illustrated in Fig. 6 , the dashed line a model with a mixed core and the dotted line a model where the 3 He + 4 He reaction has been switched off. From Bahcall et al. 50 .
standards provides an excellent fit to solar structure, the differences are far larger than the, barely visible, error bars.
The consequences of these results for the solar neutrino problem were analysed by Bahcall et al. 50 , as illustrated in Fig. 7 . In addition to a standard solar model similar to Model S they considered two models with reduced neutrino fluxes: a model with mixing in the core and a model where the 3 He + 4 He reaction was switched off, removing the high-energy neutrinos from the PP-II and PP-III branches of the nuclear reactions. The inferred differences for the standard model were, as for Model S, very small. The partially mixed model resulted in a huge difference, to a large extent caused by the dependence of the sound speed on the mean molecular weight (cf. Eq. 6), but also the model with the modified nuclear reaction network showed much larger departures from solar structure than did the standard model. On this basis Bahcall et al. concluded that "[s]tandard solar models predict the measured properties of the Sun more accurately than required for applications involving solar neutrinos", with the implied consequence that the neutrino flux predicted by standard solar models is essentially correct; and that therefore the solution to the neutrino problem had to be found in neutrino physics. These results clearly supported and strengthened the conclusion reached by Elsworth et al. 34 .
A new solar problem?
An important constraint on solar models is the ratio between the abundances of elements heavier than helium and the abundance of hydrogen in the solar atmosphere. This can in principle be determined from spectroscopy. c As discussed by Nicolas Grevesse at the conference (see also Ref. 53 ) substantial improvements have taken place since around 2000 in the techniques used for abundance determinations. These include the use of three-dimensional hydrodynamical simulations of the solar atmosphere as basis for the analysis of the observed spectra, rather than the simplified one-dimensional static models used in the past; in addition, some account is taken of the departures from the assumption of local thermodynamical equilibrium in the description of, for example, the distribution on ionization states and energy levels in the gas. This has resulted in substantial reductions in the inferred abundances of, in particular, carbon, nitrogen and oxygen. Early results were reviewed by Asplund 54 . A convenient measure of the change in abundances is the ratio Z s /X s which was reduced from the value 0.0245 used in Model S, illustrated in Fig. 6 , to 0.0165. This has dramatic consequences for solar modelling, discussed by Villante (these proceedings). Compared with Model S the maximum difference in δ r c 2 /c 2 increased by about a factor of five. A detailed review of the consequences for solar modelling and the comparison with helioseismology was given by Basu & Antia 56 . Later developments of the techniques resulted in some increases in the abundances, as reviewed by Asplund et al.
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(AGSS09), yielding Z s /X s = 0.0181, still substantially below the original value. The consequence for the model sound speed is illustrated in Fig. 8 which compares the inferred sound-speed difference for a solar model using c Although helium can be observed in the solar spectrum from the outer layers of the solar atmosphere, conditions are so complicated there that a reliable helium abundance cannot be inferred. the AGSS09 composition with that for Model S. Vinyoles et al. 57 carried out a detailed analysis of effects of the revised composition on the models. An important point is that the effects on the predicted neutrino fluxes is barely significant, as is also suggested by the modest differences between the models and the Sun in the solar core, shown in Fig. 8 . However, it is evident that the increased difference between the helioseismically inferred sound speed and the solar models represents a serious problem for the modelling, which is also reflected in other seismic properties of the Sun such as the depth of the convective envelope and the envelope helium abundance. So far no definite solution to this problem has been found.
The heavy elements predominantly affect solar modelling through their contributions to the opacity, and hence a possible solution to the discrepancy between the new models and the Sun is to postulate errors in the opacity calculations. [58] [59] [60] Indeed, it was shown in Refs 61,62 that with a suitable opacity modification, assumed to depend just on temperature, the structure of Model S could be recovered with the revised abundances. In the case of AGSS09 this required a change of about 20 per cent at the base of the convective envelope, decreasing smoothly to 2 per cent at the solar centre. However, these modifications are entirely ad hoc, and the important question is whether errors at this level in the opacity calculations are physically reasonable. One possible measure of the uncertainties in the calculations are the differences between independent calculations carried out under somewhat different assumptions. These differences are generally at most at a level of 5 per cent, with somewhat larger differences in one case in the solar core, and hence do not match the modifications required to compensate for the composition change. However, in an experiment under conditions approaching those at the base of the solar convection zone Bailey et al. 63 found an iron absorption coefficient substantially higher than theoretically predicted, indicating inadequacies in the treatment of atomic physics used in current opacity calculations. These are unavoidably simplified, and the neglect of transitions or processes broadening the energy levels would have a tendency to under-estimate the opacity. Even so, it would be a remarkable coincidence if the errors in the opacity calculations were to match the effect of the increased abundances.
To investigate the effects of the choice of composition and opacity table on the core properties of the model, and to make a link to the analysis of Elsworth et al. 34 , Fig. 9 shows the coefficients of the fit in Eq. (4) to the small frequency separation δν n0 , for recent observations and for a selection of solar models. Compared with the early analysis shown in Fig. 4 the observational errors have clearly been greatly reduced. The results for the models cover a similar range as the standard solar models in the original figure; however, there are clear and significant differences between the observed and computed values, which require further investigation. In most cases the differences are smaller for the Grevesse & Sauval composition than for AGSS09. The exception are the OPLIB results where, on the other hand, Serenelli (private communication) noted that the neutrino results show substantial deviations from the observations.
Concluding remarks
At a personal level, solar neutrinos provided my way into what has been a scientific life dominated by helio-and asteroseismology. More broadly, both neutrino studies and helioseismology have seen remarkable develop- ments over the past five decades, involving huge investments in increasingly sophisticated experimental and observational equipment, with a parallel development of increasingly detailed solar models. As clearly demonstrated by the Dresden conference, the future of neutrino physics is extremely promising, with a number of very advanced facilities under development which will provide detailed information about the solar neutrino spectrum. In the case of helioseismology extensive observations are continuing from the ground and from space, adding to the already very substantial set of helioseismic data and, very importantly, following the subtle variations in solar properties associated with the 11-year solar magnetic cycle which may be undergoing substantial changes. 64 For helioseismic investigations a major challenge is to optimize the techniques used to analyse the helioseismic data, making full use of the data already available, to secure statistically reliable inferences of the structure and dynamics of the solar core and other key parts of the Sun. The present relation between solar neutrinos and helioseismology was succinctly summarized by Haxton et al.:
7 "Effectively, the recent progress made on neutrino mixing angles and mass differences has turned the neutrino into a well-understood probe of the Sun. We now have two precise tools, helioseismology and neutrinos, that can be used to see into the solar interior. We have come full circle: The Homestake experiment was to have been a measurement of the solar core temperature, until the solar neutrino problem intervened."
With the challenges raised by the revisions of the inferred solar surface composition we need to make full use of these two tools, in our continuing attempt to understand the properties of the solar interior and the physics that controls those properties.
